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Attempt any four questions. All questions carry equal marks. 
  
1. Let 𝐴 be a non-empty set and ⟨𝐺, . ⟩ be a group. Let 𝐹 be the set of all functions from 𝐴 to 𝐺. Define 

an operation ∗ on 𝐹 as follows: 
                For 𝑓, 𝑔 ∈ 𝐹, let 𝑓 ∗ 𝑔 ∶ 𝐴 → 𝐺 as (𝑓 ∗ 𝑔)(𝑥) = 𝑓(𝑥). 𝑔(𝑥) ∀ 𝑥 ∈ 𝐴. 

     Prove that ⟨𝐹,∗ ⟩ is a group. 

     Find the inverse of  ቂ2 1
4 3

ቃ  in 𝐺𝐿(2, ℤହ), the group of 2  2 non-singular matrices over ℤହ. Verify 

the answer by direct calculation. 

     Describe the group of symmetries of a non-square rectangle and draw its Cayley’s table. 
  

2.  Let a be an element of a group such that |𝑎| = 3, prove that 𝐶(𝑎) = 𝐶(𝑎²). Give an example to 
show that the conclusion fails if |𝑎| = 4. 

     Find the orders of each of the elements of U(14). Show that it is cyclic and find all its generators. 
  

3.  Define Centre 𝑍(𝐺) of a group G and prove that 𝑍(𝑆ସ) = {𝑒}. 

     For 𝑛 > 2, show that every even permutation in 𝑆௡ is a product of 3-cycles. 

     Let 𝜎 = (1,5,7)(2,5,3)(1,6). Express 𝜎ଵ଻ as a cycle. 

 
4. Prove or disprove any six, stating the results used 

     (i) ⟨ℝ, +⟩ ≈ ⟨ℚ, +⟩,           (ii) ⟨ℚ, +⟩ ≈ ⟨ℤ, +⟩,                 (iii) ⟨ℝ, +⟩ ≈ ⟨ℝ+, . ⟩, 

     (iv) 𝐷ସ ≈ Group 𝑄 of Quaternions,                                     (v) 𝑈(20) ≈ 𝐷ସ, 

        (vi) 𝑈(8) ≈ 𝑈(12),           (vii) 𝑈(10) ≈ ℤସ,                     (viii) 
ீ௅(ଶ,ℝ)

ௌ௅(ଶ,ℝ)
≈  ℝ∗. 

  
5. Let 𝐻 be a subgroup of a group 𝐺. Prove that  𝑎𝐻 ↦ 𝐻𝑎ିଵ is a bijective mapping from the set of 

all left cosets of 𝐻 in 𝐺 to the set of all right cosets of 𝐻 in 𝐺. Can the same be said for           
𝑎𝐻 ↦  𝐻𝑎?  

         If 𝐺 is a non-abelian group of order 8 with 𝑍(𝐺) ≠ {𝑒}, prove that |𝑍(𝐺)| = 2. 

  
6.  Let N be a normal subgroup of G and M be a normal subgroup of N. If N is cyclic, prove that M is 

a normal subgroup of G. Show by an example that the conclusion fails to hold if 𝑁 is not cyclic. 

     If 𝜑 is a homomorphism from a finite group 𝐺 to a finite group 𝐺′, prove that |𝜑(𝐺)| divides the 
gcd of |𝐺| and |𝐺′|. 
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